JOURNAL OF APPROXIMATION THEORY 89, 96-113 (1997)
ARTICLE NO. AT963030

Strong Uniqueness in Restricted Rational Approximation
Chong Li

Department of Mathematics, Hangzhou Institute of Commerce,
Hangzhou, People’s Republic of China

and

G. A. Watson

Department of Mathematics and Computer Science, University of Dundee,
Dundee DDI4HN, Scotland

Communicated by Giinther Nurnberger

Received August 9, 1995; accepted February 27, 1996

The problem is considered of approximating continuous functions in the uniform
norm by rational functions whose denominators are bounded from above and
below. A general theory of strong uniqueness is presented.  © 1997 Academic Press

1. INTRODUCTION

Let X be a compact Hausdorff space and C(X) the space of real
continuous functions on X. For f'e C(X), define

Hf”zf){l:l)?(iﬂf(x)l:xeX}_

Let {¢,,...¢,} and {¢, ..y, } be two linearly independent subsets of
C(X), and define

P =span{¢,, ... ¢,}

Q=span{y, ... ¥,,}

R={p/q:peP,qeQ,q(x)>0:Vxe X},
R, = {p/geR: p(x) <gq(x) <v(x): Vxe X},

where u, v are two given elements of C(X) with 0 <u(x)<v(x) for all
xeX. We will assume that R, is non-empty.

96
0021-9045/97 $25.00

Copyright © 1997 by Academic Press
All rights of reproduction in any form reserved.



STRONG UNIQUENESS 97

DeriNiTION 1. For f'e C(X), r,=p,/q,€R, , is called a best approximation
to ffrom R, , if

If=r/l=d(f. R, )= inf [f—r].

reRy

The set of all best approximations to f from R, , is denoted by Pg, (f)-

J7nY

DeriNiTION 2. If 1 €R
reR,,

and if there exists ¢ >0 such that for any

v

Lf=rl=f=rell+elr—rl, (LT)

then r, is said to be a strongly unique best approximation to f from R, ,
or equivalently r,is strongly unique.

The problem of approximating f'e C(X) from R, , was apparently first
studied by Dunham [ 3]. The study was motivated by the desire to improve
some unsatisfactory features of approximation from R, normally associated
with denominators going to zero at points in X. It is not sufficient simply
to provide a lower bound on ¢, because of the possibility of multiplying
both numerator and denominator by an arbitrary constant. Topological
properties were established in [3], and some characterization results (of
Kolmogorov type) were given. The more difficult question of uniqueness
was also addressed, and in particular it was shown that uniqueness is only
possible if m <2. Other studies concerned with characterization and
uniqueness of constrained rational approximation have involved different
approximating sets (for example [4, 5]), and further results concerning, for
example, strong uniqueness for R, , have not, so far, been available. The
intention of this paper is to present a general theory of strong uniqueness
for best approximation to f from R, ,. In particular, several sufficient
conditions are given such that the best approximation is strongly unique:
some questions raised in [ 3] are therefore answered. The work can also be
interpreted as generalising results of Nurnberger [ 7].

2. STRONG UNIQUENESS
It is necessary to introduce some more notation. For fe C(X), r,=
Prlas€ER, . let
Xo={xeX:|f(x)—r/(x)=/=r/},
X,={xeX:q,(x)=px)},
X, ={xeX:q(x)=v(x)},
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and let

' (/=) =0
A= =) )
I(f—r)(x)] (f=rp(x) #0.

We will now define a uniqueness element of a set and give a known
characterization result which is required later.

DerINITION 3 [6]. For a subset G = C(X), g€ G is called a uniqueness
element of G if for any fe C(X), g€ Ps(f) implies that g is a unique best
approximation to f from G.

LemmA 1 [6, Theorem 3]. The following statements are equivalent.

(1) r*eR, , is a uniqueness element of R, .
(2) For any fe C(X)\R

", vo

r*ePg, (f) if and only if max o(x)(r* —r)(x)>0 VreR, \{r*}.

xe Xy

THEOREM 1. Let fe C(X)\R, ,, and r;eR, .. Then, r, is a strongly
unique best approximation to f from R, , if and only if there exists ¢ > 0 such
that for any reR,

o, v

max o(x)(r,—r)(x) > ¢ r,—r]. (2.1)

Proof. Since for any reR,,

If=rl=If=r/l > max a(x)(r,—r)(x), (23)

then (2.1) is clearly sufficient.
Now assume that r,is a strongly unique best approximation to f from

R, ,. Let r=p/qgeR,, , be arbitrary, r #r,. For >0, define
. :(1 —1) pytip
(=0 g+1q

For any >0, let x, € X be such that

If=r = 1/Cx) =rdx,)l. (2.2)
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Since |r,—r/|| =0 as t— 0+, without loss of generality we may assume
that x, —» x, € X,,, and for ¢ > 0 sufficiently small

sign(f—r)(x,) = a(xo).

Now for ¢ >0 sufficiently small

Lf =rdl =1 =r Al <1 =r)x ) = 1(f=r)x)]
=a(xo)(ry—r)(x,)

q(x,)
(I=1)q,(x,) +1q(x,)

=0(xg) t (rp—r)(x,).

Therefore

Xg) (”f_”)(xr)

IS =r =l =rll <o q(x,)
t = (l_t) Qf(xtH‘fé](X;)

q(x,)
<M 00 ) g, (v + 19(x)

(rp=r)x,).  (2.3)

Also, for any x € X,

Lf=r = 1f=r = (=) = (f=r)(x)]
Za(x)(f—r)(x) —a(x)(f=r/)(x)
=a(x)(r;—r)(x)

q(x)

=0 T, o+ a0

—r)(x).

Therefore, for all x € X,

If=rdl =1 =rl q(x)
t >0 0, 0 T T 29)
Let t > 0+. Then from (2.3) and (2.4), it follows that
i W= =00 9 0 )
t—0+ t xe Xo qf(x)
Define
o= fim W=l ==l 26

t—0+ t
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Then

clr,—rll
r > lim ————
f T >0+ t ’

using (1.1),

xex V x)
Therefore, there exists ¢/ >0 such that for any reR,,,
w(forpr)zc r—r. (2.7)
Since 1, € Py, (),

max o(x)(r,—r)(x) =0 VreR, ,.

xe Xy

Further, for all reR

Vo

a(x)(ry—r)(x)

:?lXO q(( f f; )

> )rcr;l)r(lolj((x))|r—r/| (2.8)

using (2.5), (2.6) and (2.7). This establishes (2.1) and the proof is complete.
|

We now introduce some further notation which is needed for what
follows. Firstly, for any x € X, define

() = (D1(X); oy (), (X)W1 (3), ey 7(X) Y,(X)) € R,
A(x) = (0, ey 0, Y1 (), ooy Y,0(X)) € RT

Q>
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Then, we can define the sets
S, ={a(x) 8(x): xe X,},
S,={—h(x):xeX,},
Sy={h(x):xeX,},
with
S=S,uS,uUsS;.

For any r,eR let

1, Vo

G,=P+r,Q={p+r,q:peP,qeQj},
Gr={p+r;qeG,:q(x)>0,Yxe X,; q(x)<0,Vxe X,}.
DEerFINITION 4. R, | satisfies the Interior Condition if there exists g, € Q
such that u(x) <gy(x) <v(x) for all xe X.
Remark. This condition is effectively a constraint qualification analogous

to the Slater constraint qualification in nonlinear programming.

THEOREM 2. Suppose that

max o(x) g(x)>0  Vge G\ {0}, (2.9)
x € Xp
where the bar denotes closure of the set. Then r,=p,/g, is a strongly
unique best approximation to f from R, . If the Interior Condition holds,
then (2.9) is also a necessary condition for r, to be a strongly unique best
approximation.

Proof.  Suppose that (2.9) holds for some r,eR,, ,. Since Gi;"f is a finite
dimensional closed convex cone, the set

{| i gEG”’g#O}

is a compact subset of G* It follows from (2.9) that there exists ¢ > 0 such
that

max g(x) g(x)=c |g| Vge Y. (2.10)

x e Xo

Since for any r=p/qeR, ,

1
a(x)(r,—r)(x)= 7 o(x)(py—p+r1/(q9—q,)x),
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consequently

q(x) a(x)(ry—r)(x) = o(x)(py—p +1,(q—q7))(x).
Thus using (2.10),

max g(x) o(x)(r,—r)(x) =max o(x)(p,— p +1,(g—q,))(x)

xe Xy xe Xy

zclpr—p+rilqg—q)l

=cmin g(x) ||r,—r|.
xe Xy :

Further

max o(x)(r,—r)(x) > min L max a(x) g(x)(r,—r)(x)
xeXp ’ xeXo C](X) xeXo ’

. o1
= ¢ min g(x) min — ||r,—7||
xeXo xeXop q(x) :

. o1
= cmin p(x) min — |lr,—r|.
xeXo xeXop V(X) ;

It follows from Theorem 1 that r,is a strongly unique best approximation
to ffrom R, ,.
Now let the Interior Condition hold. Also, assume that r,eR, , is a

strongly unique best approximation, but there exists g € G, g # 0 such that

g(x)

xeXy m: ’
Let g,=p,+r,q,€G}, with |g,— gl >0 as n— oo, and let
8= Dut17(a,+Mq0—4y)),
where ¢, € Q with H(X) <qo(x) <v(x) for any xeX, which exists by
assumption. Since g/ — g uniformly as A — 0+ and »n— oo, then for any

&> 0 there exists 4,>0 and integer N,>0 such that for any 0 <A< 4,,
nzN,,

max a(x)gi(x) <e (2.11)

xeXo H&i“ -
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Let

qr=q,+Mq0—qy),  A>0,

—1p,
p =L Pn £>0.

qr+1q;
Then, for any 42>0, and any n, there exists ¢/ >0 such that for any
0<t<t,, rieR, . In fact, since X, is compact and g(x)>0 for any
x€ X,, there exists an open subset W, = X, with X, = W, such that

gi(x)>0  forany xeW,.

Thus, K, = X\W, is compact and K, n X,, = ¢. Obviously, for any xe W,
t>0,

(q,+1q,)(x) = q,(x) > p(x).
Now define
a=min{q,(x)—pu(x): xe K,}.
Then o> 0. Let
i, =o/max{1, |q;|}.
Then for any 0 <t <7, xeK,,

qr(x) +1q5(x) = q,(x) — 1 |qp(x)]|
> q,(x) —a |qp(x)|/max{1, [lg; |}

w“

>‘]/‘( ) —a
= u(x).
Thus, when 0 < ¢ <77,
(q,+ 1) (x) =pu(x)  VxelX

By a similar argument, for any 4> 0, and n, there exists 7/ > 0 such that for
0<1<7’

(q,+ 1q,)(x) < v(x) VxeX.

Thus, we have proved that for any 4> 0 and n, there exists ¢/ > 0 such that
for any 0<r<1,, r,eR, ..

no
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Now, for any xe X,, 0<i</, n>N,, and 0<t< ¢/,

o(x)(ry—r,)(x) __ a(x)(r, g+ p)x)

lrp—r , reqn+p
- (qr+tq,)(x) | ~——F
/ a4+ 14,

Irqu;+p|/ rrqh+p
(q,+tq,)(x)] || q,+1q;

<" o

<& max v(x)/min u(x).
xeX xeX

: 3 2
since g, =1,q,+ Py

Let e—>0+. Then this gives a contradiction using Theorem 1 and the
proof is complete. ||

Remark. The usefulness of this result is obviously enhanced if G} is
closed. This will be a consequence of a unique representation of an element
of G, in other words if g= p +r,q € G}, with g =0 implies that p=0 and

q=0.
COROLLARY 1. [If

0 e IntCo(S),

where IntCo(S) denotes the interior of the convex hull of the set S, then r,
is a strongly unique best approximation to f from R, .

Proof. Let 0 e IntCo(S). Let g= p +r,q € G} be such that

max g(x) g(x)<0. (2.12)
xe Xy
Let
p:al¢] + - +an¢n’
qzbl‘ljl—i_ +bmlpms
and let

z=(a,..a,, by, .,b,) eR" "
Then (2.12) together with the definition of G} imply that

{(z,5) <0 VseS,
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using a standard inner product notation. Since 0 € IntCo(S), for J >0 suf-
ficiently small, it follows that

0ze Co(S).

Using Caratheodory’s Theorem, for some k<m+mn+1, there exist
Sty S €S, 4120, ..., 4, =0 with ¥¥_, 1,=1 such that

k
0z= ) A;8;.

i=1
Thus

k
0<d{z,z)=(z0z) =) A<z 5,»<O.

i=1

This implies that z=0. Thus if g = p +r, g€ G, with g=0, it follows that

p=0 and ¢=0. Thus from the above Remark, G} is closed. Thus (2.9) is
satisfied, and the result follows from Theorem 2. ||

For subsequent results, we require the following characterization theorem.

THEOREM 3. Suppose that the Interior Condition holds. For any fe€
C(X)\R,_,, r € Py, (f) if and only if there exist x, ..., x;, € Xo, 0, >0, ...,
e, >0, yi,ew vi€X, Vigr o Vin€X, B1>0,., B, >0 with ky+k,
<m+n+1, such that

>~

|
a;o(x;) p(x;)=0 VpeP, (2.13)

1

\!

i
)

k1 k2
Z o;0(x;) rf(xi) q(x;)= z Bia(y,)— Z Bia(y)) VgeQ. (2.14)

i=1 i=1+1

Proof.  Clearly, there exist X, .., X;, € Xo, Y1, s VIEX,, Vi 1s s Vi, €

"o
X,, 0,>0,.,0,,>0, §,>0, .., f;,>0 such that (2.13) and (2.14) hold if
and only if

0 Co(S). (2.15)

Using a standard separation result (for example [2], p. 19), (2.15) is
equivalent to the non-existence of any p e P, g € Q such that

(1) a(x)(p+rmq)(x)<0 Vxe X,, (2.16)
(2) q(x)>0 VxeX,; ¢(x)<0, VxelX,. (2.17)



106 LI AND WATSON

Thus, it is sufficient to prove that r,e Py (f) if and only if there is no
peP, geQ such that (2.16) and (2.17) hold.

First, suppose that there exist pe P, g€ Q such that (2.16) and (2.17)
hold. Then arguing as in the proof of Theorem 2, for A>0 sufficiently
small, r, = (p,— Ap)/(¢,+ Aq)€R, ,. But

a(x)(p+r,9)

o)) =47 P

<0 VxeX,

which implies (see [3]) that r, ¢ Pg, (f). Thus (2.13) and (2.14) are
necessary.

Next suppose that (2.13) and (2.14) hold, so that (2.16) and (2.17) do
not hold for any peP, g€ Q. Then if r ¢ Py (f) it follows from [3] that
there exists ; = p, /¢, €R, , such that

a(x)(r,—r)(x) <0 Vxe X,. (2.18)
Let

P=Dr—D1» q9=q1—4q,+1(q0—4qy)

where

”f(CIf— q0)
q1

0<np< inf |r(x )—rf(x)l/ and qo€Q

xeXop

with u(x) <qo(x) <v(x) for all xe X. Then, peP, g Q satisfy (2.16) and
(2.17). This is a contradiction which establishes the sufficiency of (2.13) and
(2.14) and completes the proof. ||

COROLLARY 2. Suppose that the Interior Condition holds. If ry€ Py, (f)
and 0 is a uniqueness element of G then r, is strongly unique.

Proof.  Let the Interior Condition hold, let r, € Pg, (f) and let 0 be a
uniqueness element of G. Then by Theorem 3 there exists xy, ..., x;, € X,
Vis o VIEX, ) Vgt o Vi, €X,, 0, >0, ., 05, >0, f,>0,. ,ﬁk2>0 such
that (2.13) and (2.14) hold. Thus, for any g=p+r,qe G,*/, since ¢(x) =0,
for all xe X, q(x) <0, for all xe X,, we have

ko

k1 l
Z o0(x;) g(x;) = Z Big(y;) — Z Bia(y)=
i=1

i=1 i=1+1

Hence

max o(x) g(x)=0 Vg e?j.

xe Xy



STRONG UNIQUENESS 107

It follows from the convexity of Gi;", that 0 is a best approximation to f—r,
from G} The result follows from Lemma 1 and Theorem 2. |

LEMMA 2. Assume that the Interior Condition holds. Let r,€ Py, (f),
so that by Theorem 3 (2.13) and (2.14) are satisfied. Let g=p+r,qe G}
with

max o(x) g(x)<0. (2.19)

xeXy

Then

g(xi):Oa i:1,2, “"kl’
q(y;) =0, i=1,2, .. k,.

Proof. Using Theorem 3, (2.19) implies that

k1

0= ao(x)(p+r,q)x,)

i=1
ki1 ki1

= Z «;0(x;) p(x;)+ Z ®;0(x;) rf(xi) q(x;)

i=1 i=1

) ko
Zﬂﬂ(yi)_ Z Biq(y,).

i=1 i=1+1

Since ¢(y;) =0, i=1,2, .., 1, q(y;) <0, i=1+1, .., k,, it follows that

g(xi):()a ZZI, 2) makla
and the result is proved. ||

This result is useful in a number of ways. In particular, it enables us to
give some conditions under which the set G} is closed.

THEOREM 4. Let the Interior Condition hold, andlet P=11,, _,,Q=11,, _,,
where Il is the space of polynomials with degree <k. For given f, let
rp€Py, (), rrEPr(f), with r, irreducible. Then if min{m —q,,
n—0ops <1 (where 0 is used to denote the actual degree of the polynomial),
G} is closed.
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Proof.  Let the stated assumptions hold, and let g=p +r, g€ G}, with
g=0. Obviously (2.19) holds, so that in particular, by the proof of
Lemma 2,

4

k2
Z ﬁIQ(yl)_ Z ﬁlq(yl):()? lzla 2a seey kZ) (220)
i=1 i=1+1
where k, and Y,={y,, .. y(,} are given by Theorem 3. Now since
p+aps/q,=0, any zeros of g are also zeros of p, and the zeros of p must
include those of p,. Thus there must exist a polynomial ¢ such that

P=0Cpy, q= —cqy
where
Oc <min{m —0q,, n—0p,f <1.

If k, <1, then it follows from Theorem 3 that we must have r e Py (f)
where

Ro={reR:u(x)<q(x):VxeX} or Ry={reR:g(x)<v(x):VxeX}.

Therefore 7€ Pg(f) on appropriate scaling, which is a contradiction. Thus
YonX,#¢ and Y,nX,#¢, k=2, and since (2.20) implies that
dy)=0,i=1,2,.. ks, it follows that ¢=0, so that p=¢=0. Thus G} is
closed. |

THEOREM 5. Let the Interior Condition hold, and P and Q be Haar
subspaces. For given f, let r € Py, (f), r,¢ Pr(f). Then if min{m, n} <2,
G} is closed.

Proof.  Let the stated assumptions hold, and let g=p+r,ge G}, with
g=0. As in the proof of Theorem 4, Y, contains at least 2 points. But
q(y;)=0 implies that p(y,)=0, i=1,2,..,k,, and so p=¢g=0 by the
condition on the dimensions. The result follows. |

We now present some further conditions which lead to strong uniqueness.
THEOREM 6. Assume that the Interior Condition holds. Let rye Py, (f),

and let Yo={y\, .., yi,} <X, 0 X,, B, i=1, ..k, be given by Theorem 3.
Write

! ko
G?,={p+r/-qeG,ﬂ,,: 2 Baly)— X [ffq(y,-)=0}~

i=1 i=l+1

If 0 is a uniqueness element of G?f, then r, is strongly unique.
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Proof. Let rye Py, . Assuming that the interior condition holds, let
g=p+rqeG}, with

re

max o(x) g(x)<0. (2.21)

xe Xy
Then, by Lemma 2,
q(yl):() lzla 29 Al k2’

and so ge G . It follows that if 0 is a uniqueness element of G°
must hold. By Theorem 2, r,is strongly unique. ||

then (2.9)

ry

THEOREM 7.  Assume that the Interior Condition holds. Let rye Py, (f),
and let Yo={y, ... Vi,} =X, 0X,, B, i=1, .., k, be given by Theorem 3.
Write

G,/z {p+rqeG,q(y)=0:i=1,2, .., k}. (2.22)

(a) If G is closed and 0 is a uniqueness element of G
strongly unique.

v then 1, is
(b) If P is a Haar subspace and also G,./, is a Haar subspace of
dimension <n+1, then r, is strongly unique.

Proof. The proof of (a) is similar to that of Theorem 6. Consider (b).
Let g=p+r,qe G} such that (2.19) holds. Lemma 2 shows that ge G,f..
Then using Theorem 3, since P is Haar, (2.13) implies that k, >n+ 1. It
follows from Lemma 2 that g =0. Thus (2.9) must hold, and by Theorem 2,
r,is strongly unique. |

COROLLARY 3. Assume that the Interior Condition holds, and let P be a
Haar subspace. Let r,€ Py, (f), and let G, be a Haar subspace of C(X).
If one of the following two conditions holds then v, is strongly unique.

(1) d(f;R,,)=d(f,R),
(2) either X, or X, is empty.

Proof. Since (1) is implied by (2), we only need to prove the result in

the case that d( f, R, ,) =d(f, R). Suppose, therefore, that this is true.
Take u', v e C(X) with 0 <p'(x) <pu(x) <v(x)<V'(x) for all xe X. Then
ry€ Py, (f)and X,, =X, =¢. Hence, with x, v replaced by p’, ', we have
G =G

rf

and so G,/ is a Haar subspace of C(X). Thus O e G is a uniqueness element

of G The result follows from Theorem 7. |i
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Note that Corollary 3 is not true for non-restricted rational approxima-
tion. For example if P and Q are spaces of polynomials, then the best
approximation is strongly unique if and only if it is normal (Barrar and
Loeb [1]).

COROLLARY 4. Suppose that P and Q are both Haar subspaces of C(X).
Let rye Py, (f). If m<2, then r,is strongly unique.

Proof. Note that the Interior Condition holds since Q is a Haar sub-
space of dimension 2. It follows that Theorem 3 can be used. If condition
(1) of Corollary 3 holds, the result is immediate, so assume that
d(f,R, ,)>d(f,R). Let Yo={p,, .., V,} be given by Theorem 3. Then as
in the proof of Theorem 4, Y, nX, #¢ and Y, X, ;«éqﬁ which implies
that Y, contains at least two pomts Thus, G, =P, s0 G, ;18 a Haar sub-
space of C(X) of dimension n. The result then follows from Theorem 7. ||

Now let X=[a,b], P=1I,_,, Q=11,,_,. Then we have the following
result, which gives an affirmative answer to a question raised in [3].

COROLLARY 5. Let rye Py, (f). If any one of the following three
conditions holds, then r, is strongly unique.
(1) df,R,,)=d(f,R),
(2) X,=¢orX,=9¢,
(3) m<2

THEOREM 8. Let r,€ Py, (f). Let any of the following conditions hold:

(1) 0 is a unique best approximation to f—r, from Gij;
(2) The Interior Condition holds and 0 is a unique best approximation
to f—ryfrom G, .

(3) The Interior Condition holds, 0 is a unique best approximation to
f—r,from G,/, and G} is closed.

Then there exists { f,} = C(X) such that | f,,— f| = 0 and r,is a strongly
unique best approximation to f,, from R, .

Proof. This is similar to the proof of Theorem 2.1 of Smarzewski [8].

It is an open question whether or not r,ePg, (f) is a unique
approximation to f implies that there exists {f,} = C(X) such that
If,—fIl =0 and r,is a strongly unique best approximation to f,.

The question also arises: is it possible to characterize uniqueness
elements of R, , in terms of strong uniqueness? We conclude with two
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examples which show that these properties are not implied by each other.
The following lemma is useful.

LemmA 3. Let X=[a,b], P=1II, |, O=1II,, u,ve C'[a,b]. Then if
rr=p;/q,€R, , with X, c(a,b) or X, <(a,b), then r, is a uniqueness
element of R, ,.

Proof. Letr,=ps/qs ri=p,/q, ePR#‘ (f). Then
o 1/2(p,+ py)
*T12(q,+ q))

Assume that 1/2(¢, + q,)(x) =u(x) for some xe X and 1/2(q, +q/)(y) =
v(y) for some y € X. Then q,(x) =q,(x), ¢:(y)=¢q,(y), and xe X,, ye X,.
By the assumptions,

Pg, (f).

q1(x) =qr(x) or ¢y (y)=qxp).

Thus ¢, = q;.
Now since r,€ Py, (f), we must have

max J(X)pf(X) —p(x)
xe€ Xo (]f

=0, for all pell,.

It follows that

max o(x)(p,(x)— p(x)) >0 forall pell,\{p,,

xe Xo

and so p, = p,. The result is proved. |

ExamprE 1. Let X=[-1/2,1], P=1I1,, Q=1I,, u=1, v=2. Let
feC[ —1/2,1] be given by

4x+2 —1/2<x<0
Slx)= .
—1/2(5x—4) 0<x<l1
Let
1
EARE S

Then || f—r/| =1, and

X,=1{0, 1}, X,={0}, X, ={1}, a(0)=1, o(l)=—1.

u
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Let ay=a,=1, f,=1, f,=1/2. Then

a;0(0) p(0)+ay0(l) p(1)=0, forall pell,
1,0(0) r,(0) ¢(0) + aya(1) (1) g(1) = B1¢(0) — Bq(1), forall gell,.

Thus by Theorem 3, r e Py, (f), and by Lemma 3, r,is a uniqueness
element of R, .
Now let

g=(x—x%)r,.
Then g e G, and further
a(0) g(0)=0,  a(1) g(1)=0.

Thus by Theorem 2, r,is not strongly unique.

This example shows that strong uniqueness is not necessarily implied by
the existence of a uniqueness element. The next example shows that the
reverse implication is also false.

ExampLE 2. Let X=[—1,1], P=11,, Q=1I,,

) 12x* +1/2x+ 1 —1<x<0 )
= V= L.
70 o<x<l °
Let
1/2(5x +4) —1<x<0 o
fil )_{—1/2(5x—4) o<x<t =T

Then || f; —r/l=1, with X, ={—1,0, 1}, X, = {0}, X,={—1, 1}, a(—1)=
—1,0(0)=1, o(1) = — 1. It is readily seen that r,e Py, (f,). Further, since
G is closed, (2.19) is easily verified, and so r, is strongly unique.

Now let

r*——l
T2+ 12x+ 10

and define f5(x) by

r/"»< —1<x<—12
fo=<2+4+12x/7 —1/2<x<0.
2—5x/2 0<x<l1
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Further, for r}, f5: X,={0, 1}, X, =[ —1,0], X, ={1}. It is readily verified
that rf € Pg, (f2), with [[rf—f;[=1. (In Theorem 3, take /=1, with

y1=0.) In addition, |r,— f>[| =1, so that r,€ Pg, (f>). It follows that r,is
not a uniqueness element of R, .

3. CONCLUSIONS

We have given various conditions which lead to strong uniqueness of the
constrained rational Chebyshev approximation problem. The relationship
between a uniqueness element and strong uniqueness has been investigated,
and it is shown by examples that these are not equivalent. This is not really
surprising because the property of being a uniqueness element is a global
property (it holds for all f), while strong uniqueness is a point property
(valid only for a fixed f').
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